Abstract. In the present paper we give a very short and easy proof of the speciality lemma for codimension 2 subvarieties, even those that are reducible or non-reduced, in P n . Furthermore we give cohomological conditions that force a subcanonical surface in P 4 to be a complete intersection and a rank 2 bundle to split, which generalize the classical First Theorem of Gherardelli.
Introduction and Short Account of Gherardelli-type Theorems
The classical First Theorem of Gherardelli (see [2] ) on smooth subcanonical curves in P 3 can be stated as follows:
THEOREM 1 (Gherardelli). Let X & P 3 be a smooth irreducible curve. X is a complete intersection if and only if X is subcanonical and the surfaces of any degree cut out complete linear series on X.
This theorem can be extended to arbitrary subcanonical curves, even reducible and nonreduced ones, as well as to two-codimensional subcanonical varieties lying in any projective space (see [1] ). The classical proof is based on geometric arguments, while the extensions require Serre's correspondence between two-codimensional subcanonical varieties and rank 2 vector bundles in addition to cohomological techniques. In [1] the First Theorem of Gherardelli is improved as follows:
THEOREM 2 (Gherardelli-strong version). Let X & P 3 be a locally complete intersection curve; then X is a complete intersection if and only if X is a-subcanonical and moreover:
. if a is even:
. if a is odd:
The speciality lemma and Serre's correspondence play key roles in the proof of the strong version of the theorem.
In [1] this result is extended to two-codimensional subcanonical varieties in P n . The only tool, which is straightforward, is the passage to the general hyperplane section.
The same results are also proved with cohomological techniques in [12] , but only rank 2 bundles and reflexive sheaves (and no curves or varieties) are considered.
The aim of the present paper is an investigation of the strong version for subcanonical surfaces in P 4 in connection with both the speciality lemma and Laudal's lemma.
Concerning the speciality lemma, we extend it to almost all two-codimensional subvarieties in P n , even reducible or nonreduced ones, provided that they are locally complete intersections, using the sheaf-based technique proposed in [10] . Such a technique allows for a very short and simple proof (as opposed to the long proof of [3] ). The main tool of the proof is the following well-known theorem:
ðÃÞ for every stable rank 2 reflexive sheaf, the discriminant c 2 1 À 4c 2 is stricly negative or, what amounts to the same thing for a normalized sheaf, c 2 > 0.
We observe that, in fact, ðÃÞ and the speciality lemma are 'equivalent', i.e. the speciality lemma can be easily proved using ðÃÞ and, if we assume that the speciality lemma is true, we can easily obtain ðÃÞ.
Theorem ðÃÞ, rank 2 bundles and their cohomology are key tools for our extended version of Gherardelli's theorem, while the proof in [1] for curves makes direct use of the classical form of the speciality lemma.
We also observe that Laudal's lemma has a deep connection with Gherardelli's theorem, at least in order to establish a key proposition on the vanishing of 1-cohomology groups.
In the present paper we give conditions that force a subcanonical surface in P 4 to be a complete intersection and a rank 2 bundle to split. On the one hand, we simply extend Theorems 1.3, 1.6 and slightly improve Corollary 1.8 of [1] . On the other hand, we state and prove two cases that are quite new and have nothing analogous in P 3 . In fact in P 3 , the vanishing of 1-cohomology at level n 4 a=2 does not imply that the curve is a complete intersection, while surfaces have a different behaviour; moreover a new case arises in P 4 because the null correlation bundle on P 3 is not a section of a bundle on P 4 . We will give two different proofs of the theorems: one is based strongly on an argument involving the hyperplane sections, while the other is based only on the characteristic function in P 4 and the smallest level a giving a nonzero section of the bundle. Both proofs depend on a proposition on the vanishing of 1-cohomology groups, based itself on the speciality lemma and Laudal's lemma.
